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The oscillation of solutions of the second-order nonlinear dynamic equation (r(t)(x* N2 +
p(t)(x2 (D) + f(t,x(g(t))) = 0, with damping on an arbitrary time scale T, is investigated. The
generalized Riccati transformation is applied for the study of the Kamenev-type oscillation criteria
for this nonlinear dynamic equation. Several new sufficient conditions for oscillatory solutions of
this equation are obtained.

1. Introduction

Much recent attention has been given to dynamic equations on time scales, or measure chains,
and we refer the reader to the landmark paper of Hilger [1] for a comprehensive treatment
of the subject. Since then, several authors have expounded on various aspects of this new
theory; see the survey paper by Agarwal et al. [2]. A book on the subject of time scales by
Bohner and Peterson [3] also summarizes and organizes much of the time scale calculus.

A time scale T is an arbitrary nonempty closed subset of the real numbers R. The
forward and the backward jump operators on any time scale T are defined by o(t) := inf{s €
T:s>t},p(t) =sup{seT:s<t}]. Apointt € T, t > infT, is said to be left-dense if p(t) = t,
right dense if t < sup T and o(t) = t, left scattered if p(t) < t, and right scattered if o(t) > t. The
graininess function y for a time scale T is defined by p(t) := o(t)-t. Fora function f : T — R
the (delta) derivative is defined by

SR (1.1)

if f is continuous at t and t is right scattered. If t is not right scattered, then the derivative is
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defined by

i SO0 =S 0= £O)
ACAY. e (12

provided this limit exists. A function f : [a,b] — R is said to be right-dense continuous if it
is right continuous at each right-dense point and there exists a finite left limit at all left-dense
points, and f is said to be differentiable if its derivative exists. A useful formula dealing with
the time scale is that

f7 = flo(t) = f(t) +u() fA(). (1.3)

We will make use of the following product and quotient rules for the derivative of the product
fg and the quotient f/g (where gg° #0) of two differentiable functions f and g:

(fg)" = f2g+fog" = fg* + f*5°,

(f)A _fig- st (14
g/ &g
The integration by parts formula is

b b

I fAHgHAt = f(b)g(b) - f(a)g(a) - f MO GINGE (1.5)

The function f : T — R is called rd-continuous if it is continuous at the right-dense points
and if the left-sided limits exist in left-dense points. We denote the setof all f : T — R which
are rd-continuous and regressive by R. If p € R, then we can define the exponential function

by
¢
ep(t,s) = exp <I u(t) (p(T(t)))AT> (1.6)

fort € T, s € T¥, where ¢;,(z) is the cylinder transformation, which is defined by

log(1 + hz)
&n(z) = { o 7o (1.7)
z, h=0.

Alternately, for p € R one can define the exponential function e,(-,tp), to be the unique
solution of the IVP x2(t) = p(t)x(t) with x(ty) = 1.

The various-type oscillation and nonoscillation criteria for solutions of ordinary and
partial differential equations have been studied extensively in a large cycle of works (see
[4-31]).
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In [27], the authors have considered second-order nonlinear neutral dynamic equation

<r(t) ((y(t) +p(B)y(t - T))A>Y>A + f(ty(t-6)) =0 (1.8)

on a time scale T. They have assumed that y > 0 is a quotient of odd positive integers, T and
6 positive constants such that the delay functions 7(tf) =t —7 < t and 6(t) =t — 6 < t satisfy
T(t) and 6(t) : T — T forall t € T, r(t) and p(t) real-valued positive functions defined on T
and also they have supposed that

(H1) [2(1/r(£))/TAt = o0, 0< p(t) <1,

(H2) f(t,u) : T xR — Ris continuous such that uf(t,u) > 0 for all u #0 and there exists
a nonnegative function q(t) defined on T such that |f (¢, u)| > q(t)|u"|

and were concerned with oscillation properties of (1.8). In [28], Saker has considered second-
order nonlinear neutral delay dynamic equation

(r (® +poye-m))") + fEy-6) =0, 19)

when y > 1is an odd positive integer with r(f) and p(t) real-valued positive functions defined
on T. The author also has improved some well-known oscillation results for second-order
neutral delay difference equations. Agarwal et al. [29] have considered the second-order
perturbed dynamic equation

(r) (xA>Y)A +F(t,x(1) = G(1,x(t), x (1)), (1.10)

where y € N is odd and they have interested in asymptotic behavior of solutions of (1.10).
Saker et al. [30] have studied the second-order damped dynamic equation with damping

(a(t)xA(t)>A + ()XY () + q(t) (fox®) =0, (1.11)

when a(t), p(t), and q(t) are positive real-valued rd-continuous functions and they have
proved that if [, (e-p/, (t, to) /7(t)) At = co and [” (e-p/r (t, t) /7(t)) At < oo, then every solution
of (1.11) is oscillatory.

In the present paper, we consider the second order nonlinear dynamic equation

(r(t) <xA(t)>Y>A +p(t) <xA(t)>Y + f(t,x(g()) =0, (1.12)

where p, r are real-valued, nonnegative, and right-dense continuous function on a time scale
T c R, withsup T = oo and y is a quotient of odd positive integers. We assume that g : T — T
is a nondecreasing function and such that g(t) > ¢, for t € T and lim;_, ,g(f) = oo. The
function f € C(T xR, R) is assumed to satisfy uf (¢, u) > 0, for u # 0 and there exists a positive
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rd-continuous function g defined on T such that |f (¢, 1) /u"| > q(t) for u #0. Throughout this
paper we assume that

r’ (e-p/ru, to>)“Y A o (A%)

to r(t)

Since we are interested in the oscillatory of solutions near infinity, we assume that
sup T = oo and define the time scale interval [t, o0)¢ by [0, 00)1 := [to, 00) N T. The oscillation
of solutions of the second-order nonlinear dynamic equation (1.12) with damping on an
arbitrary time scale T is investigated. The generalized Riccati transformation is applied for
the study of the Kamenev-type oscillation criteria for this nonlinear dynamic differential
equation. Several new sufficient conditions for oscillatory solutions of this equation are
obtained.

A solution x(t) of (1.12) is said to be oscillatory if it is neither eventually positive nor
eventually negative, otherwise it is nonoscillatory.

2. Preliminary Results

Lemma 2.1. Assume that the condition (A*) is satisfied and (1.12) has a positive solution x(t) on
[to, 00) . Then there exists a sufficiently large t1 € [to, oo)r such that

(r®) <xA(t)>Y>A <0,x2(t) >0 fort e [t,o0)p 2.1)

Proof. Let t; € [tp, 00) such that x(g(f)) > 0 on [f1, 00). Since x(t) is positive nonoscillatory
solution of (1.12) we can assume that x* (t) < 0 for all large t. Then without loss of generality
we take x2(t) < 0 for all t > t, > t;. From (1.12) it follows that

(r (= ®)) +po (1) = £t x(5®)) <0 22)
and so
(ro (1)) +pe (x®) <o, (23)
Define y(t) = -r()(x*(t))". Hence

) + %y(t) >0, 2.4

and it implies that

y(t) > y(t)ep/ (- t2). (2.5)



Abstract and Applied Analysis 5

Then
(1) (x4 ))" > ~r(t2) (x2(02)) e (- 2), (2.6)

and therefore

eprr(,f2) )w. 2.7)

X0 <7171 1) (32 1) (125

Next an integration for t > t3 > t, and by (A*) gives

1/ A ! e—p/r(S/ t) Yy
x(t) <x(t3) +r Y(t2)<x (f2)> f e As — -0 ast— oo (2.8)
t3

which is a contradiction. Hence x2(t) is not negative for all large t and so x*(t) > 0 for all
t > t1. This completes the proof of Lemma 2.1. O

We now define

a(t) = (% f" q(s)As) a-n/y

t y-1
ap(t,u) := <r1/Y(t)f ;J/AT?S)> (2.9)

alt) = ay (t), 0<y<l,
az(t, tl), Y > 1.

Lemma 2.2. Assume that (A*) holds and (1.12) has a positive solution x(t) on [to, oo)r. Then there
exists a sufficiently large t1 € [ty, 0o) such that if 0 <y <1 for t > t; one has

x4\
<x“(t) > > ay(t). (2.10)
Whereas, if y > 1, one has
)\
(xxA(t)> > ar(tt) for t> t. (2.11)

Proof. As in the proof of Lemma 2.1, there is a sufficiently large t; € [to, o0)1 such that

x(t) >0, x2(t) >0, <r(t) (xA(t)>Y>A <0, fort>t. (2.12)
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From (1.12) and (2.12) it follows that
(4n<xﬂﬂ)SA+pax}Augy:—faﬁxgu»)<0, (2.13)
and so
(r (x*®)")" <~ x(50)). (214)
Then

r0(x0) > [ fx(gen)as> [aen (ge)as

o - (2.15)
>0 (g(0) [ qas > o) [ as)as
Next, when 0 <y <1, we get
A 1=y
<§G§g> >ay(t) fort>t. (2.16)
Finally, since () (x*(t))" is decreasing on [t;,00) for y > 1, we get
1/y
t (r(s)(x2(s))’
0250 -x0) - | < P Gs) L. 217)
nur 1 .
> <r(t) <xA(t)> ) Ll rlT(s)As’
and we obtain
x(t) \"
(xA(t)> > dz(t, tl) for t > t1. (218)
O

3. Main Results

Theorem 3.1. Assume that (A*) holds and there exist a function ¢(t) such that r(t)p(t) is a A-
differentiable function and a positive real rd-functions A-differentiable function z(t) such that

2
17(s)(v(s)) ] Ao o 31)

t
fimeup | [%) "4 yz)al)
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where

w() = -20) (4() - (O30)* + T (b0 )" + () ),

yz(Ha(t)
r(t)

(3.2)
v(t) = z8(t) -

(p() -2(r(Hp(1)”)-

Then every solution of (1.12) is oscillatory.

Proof. Suppose to the contrary that x(t) is a nonoscillatory solution of (1.12). Without loss of
generality, there is a t; € [t, 0o)y, sufficiently large, so that x(t) satisfies the conclusions of
Lemmas 2.1 and 2.2 on [ty, o). Define the function w(t) by Riccati substitution

A Y
w(t)=z(t)r(t)<<xx(§§)> +¢(t)>, ~n (3.3)

Then w(t) satisfies

0= () (o (=0)) + (30) (o))

+z(t) (r(t)(})(t))A +z8(H) (r(Hp(1))?,
z(t) A z4 ()7 (1) — z(B) (2T (1)* e
0= (55) (060)) +< (00 ()7 ><r(t)<xA(t)> )

+z(t) (r(t)ci)(t))A +z8(H) (r(Hp())°.

(3.4)
From (1.12) and the definition of w(t) for t > t; it follows that

o (1))’
WA () = <xZY(tt)><_p(t) (xA(t)>Y _f(t,x(g(t)))) + zA(t)W
@) (r @ )")”

- z(t) O D) +z(B) (r() (1) + 22 () (r(t)p (1))

(3.5)

Using the fact that f(t, x(g(t))) > q(t)x7(g(t)) and x(t) is a increasing function, we obtain

Ay \ ¢
w1 < ~2(040) - =pt DO z%t)(<%> +(r<t>¢<t>>">
36)

<xA<t>>Y< wO ()

200 \Zo

- (rOP0)7 ) + 2O WOHO)*

Now we consider the following two cases: 0 <y <1land y > 1.
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In the first case 0 < y < 1. Using the Potzsche chain rule (see, [3]), we obtain

(" (1) =y f 1 [ + h#(t)x%t)]y_ldh x4 () 2 y(x7 (1) 7 XA (1),
0

Using (3.7) in (3.6) for t > t1, we get

xA(t) /x°(H)\ wO (t)
w1 < =090 - =00 1o (5 )+ = O 5re

A o w°
S (XY (LD ¢rpn)) + 00 080)*

By Lemmas 2.1 and 2.2, for t > t;, we have that

x4 1 1) (xA(t))Y< )> A0 (r(t) (JCA(t‘))Y>L7
xo(t) r(t) (xr(t)° x9(t) T or(t) (x7(1)°
x7(t)
x(t)

In the view of (3.8), and (3.9) we get

Wi (1) < ~=(0q() + 20 (rOp0)* ~y=0p(0 T (L - 09)”)

w° o 2
2% -y (LD - (apn)”)

In the second case y > 1. Applying the Potzsche chain rule (see, [3]), we obtain
1 -1
()t =y f [x®) + hu@x )] dhx () 2 y (@) 0.
0

In the view of (3.11), (3.6) yields

WA () < —z(B)q(t) + 2O (rO®)* - yzopy E_ (Y)(i) 5(6)
wo(t) o (x() wO (t) .
220 Ty 1205 XA(t)<zf’(t) —(r)$®) )

By Lemmas 2.1 and 2.2, we have that

xAh 1 r(t)(xA(t»Y( x(t) )Y-l , w(h) (r(t>(xA<t>)Y)o‘

x(ty r(t)  xr(t) xA (1) r(t) (x7(t))°

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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By (3.13), (3.12), and then using the definition of w(t), we get

wh (1) < ~2(0q(t) + (O (rOP(®)® — yz(typ(t) 2L ( W) _ (r<t>¢<t>>“)

r(t) \ z()
@O ) (w0 2 (3.14)
205 v S (5 - w9
Using (3.10), (3.14), and the definitions of ¥(t), v(t), and a(t) for y > 0, we get
W (t) < =¥ (D) + ()= ((t)) z(t )% (( :((:)))) (3.15)

Then, we can write

2
r(t) (v(h) yz(Ha(t) wo(t) 1 r(t)
W) <Y+ o e [\/ r6 =@ 2\ yz(t)zx(t)v(t)]' (3.16)

and so, we get

() (b)?
wh(t) < —[T(t) - 4yz(t)zx(t)]' (3.17)

Integrating (3.17) with respect to s from t; to t, we get

t r(s)(v(s))*
— < — P S Sl S .
w(t) —w(t) < L [‘P(s) Ty2(5)a(s) As, (3.18)
and this implies that
ft P(s) - M As < |w(ty)] (3.19)
b dyz(s)a(s) |~ '
which contradicts to assumption (3.1). This completes the proof of Theorem 3.1. O
Corollary 3.2. Assume that (A*) holds. If
I JPEPRLOLEO] yo (3.20)
1rtrls;1p . q(s 1 (s) s =00, .

then every solution of (1.12) is oscillatory.
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Example 3.3. Consider the nonlinear dynamic equation
<t"V<xA(t)>Y>A + lt"l‘y<xA(t)>Y + L (g) =0, telty o)y T=2" (3.21)
2 tl/y g 7 0s T 7 .

where y > 1is the quotient of the odd positive integers. We have that p(t) = (1/2)(t177), g(t) =
/'Y and r(t) =t 7. If T = 2%, then o(t) = 2t and e_1/0( (¢, to) = to/t. So we get e_p/,(t, 1) =
to/t. It is clear that (A*) holds. Indeed,

t 1/y t
ep/r('/t0)> 1/ f 1
_— As=(t))"V | ———As=o0,
ft0< ) s = (to) ST s=00

t A y-1 ¢ A y-1 (322)
S s
ax(t, ty) = <r<t>>1”f — ) =t/ f =) -
s < o (r(s)" s
and then
t
§=°° (3.23)
to

and so we can find t, > t; such that f:n As/rVY > 1 for t > t.. Then we can see from

Corollary 3.2 that it follows that

—

ST dr(s) (3.24)

lim sup
t— oo ty

1 a(s)(p(s))”
[ LGIGC)M I
and therefore every solution of (3.21) is oscillatory.
Now, let us introduce the class of functions ‘R.
Let Dy = {(t,s) € T> : t > s >ty and D = {(t,s) € T?> : t > s > tg}. The function
H € C,4(D, R) has the following properties:

H(t,t)=0, t>ty, H(ts)>0, on Dy, (3.25)

and H has a continuous A-partial derivative H2(t,s) on Dy with respect to the second
variable. (H is rd-continuous function if H is rd-continuous function in t and s.)

Theorem 3.4. Assume that the conditions of Lemma 2.1 are satisfied. Furthermore, suppose that
there exist functions H, H® € C,4(D,R) such that (3.25) holds and there exist a function ¢(t) with
r(t)¢(t) a A-differentiable function and a positive A-differentiable function z(t) such that

r(s)
4yH(t,s)z(s)a(s

, I
lim supm L [H(t, $)¥(s) -

t— oo

)<p2(t, s)| As = oo, (3.26)

where ¢(t,s) = [H2(t,s) + H(t, s)v(s)]. Then every solution of (1.12) is oscillatory on [ty, o).
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Proof. Assume that (1.12) has a nonoscillatory solution on [ty, o0)r. Then without loss of

generality, there is a sufficiently large t; € [fo, o0) such that x(t) satisfies the conclusions
of Lemmas 2.1 and 2.2 on [t(, o0) . Consider the generalized Riccati substitution

w(t) = z<t>r<t><< A“)> ¢(t>> (3.27)
_ C |

We proceed as Theorem 3.1 and from (3.15) it follows that

w ()
z9(t)

aU)(“GD

A
) <-w(1t) + v L EORET

~yz(t) S (3.28)

Multiplying both sides of (3.28) by H(t,s) and integrating with respect to s from t; to ¢ (t >
t1), we obtain

f H(t,s)¥(s)A(s) < - J H(t,s)w"(s) +f H(t,s)v(s) (( ))
3.29
as) (@7 (s)? o)

frH(t D)y

Integrating by parts, we get

ft H(t,s)¥(s)A(s) < H(t, t1)w(t) + Jt HsA(t, S)w(s)As + ft H(t,s)v(s) w?(s) As

27(s)
a(s) (@”(s))? |

tlYH(ts) ()r(s)(o( A
* A <s>
H(t, s)¥(s)A(s) <H(t, tl)w(t1)+f [H (t,s) + H(t, s)v(s)]
5]
a(s) (w(s))” “@D
YH(t $)z(s) ——= ©) (2 U(S)) .
It is easy to see that
: : wO(s)
H(t,s)¥(s)A(s) < H(t, t1)w(t) + (p(t,s) () As
h ' a(s) @7 (s))” | (331
S) (w” (s
YH(t 5)z ()T(S) (s )) ,

where

(t,s) = [HsA(t,s) +H(t, s)v(s)]. (3.32)
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Then we can write

t y )
e

2
: yH(t,s)z(s)a(s) w(s) 1 r(s)
B J‘tl [\/ T(S) ZG(S) B E\/YH([’I S)Z(S)a(s) (P(t/ S)] As.

(3.33)
Hence
H(9¥() - 2D < i)
A 2 (OB ETOTTE R .
) TR CYC U N (VO
imsup——— ,5)¥(s) - s<w
L HER) ), 4yH(L, 5)z(s)a(s) '
which contradicts with assumption (3.26). This completes the proof of Theorem 3.4. O

Corollary 3.5. Assume that (A*) holds. Furthermore, suppose that there exist functions H, HY, and
h € Ca(D,R) such that (3.25) holds and there exist a function ¢(t) such that r(t)p(t) is a A-
differentiable function and a positive A-differentiable function z(t) such that

1 t
lim Squ L [H(t, S)¥(s) — (3.35)

t— oo

h*(s)(z(s))’r(s) _
4yz(s)a(s) ]AS -

where ¥ (t) is as defined in Theorem 3.1 and H® = —h(t, s)\/H(t,s) - H(t,s)v(t)/z° (). Then every
solution of (1.12) is oscillatory on [t, o).

Theorem 3.6. Assume that (A*) holds and there exists a A-differentiable positive function z(t) such
that

. ' ()8 (s)
limsup | [z(s)q(s) - m] As = oo, (3.36)
where
&ty = z8(t) - Z(:)(f)(t) (3.37)

Then every solution of (1.12) is oscillatory.
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Proof. Suppose that (1.12) has a nonoscillatory solution on [ty, oo)y. Then without loss of
generality, there is a sufficiently large t; € [fo, 00) such that x(t) satisfies the conclusions
of Lemmas 2.1 and 2.2 on [t(, o0) . Consider the generalized Riccati substitution

¥
w(t) = z(t)r(t)<x:(g)> . (3.38)
From (3.6) it follows that
(x*(®))" wi(t) o A0) wo )
wh (t) < —z(t)g(t) - Z(t)p(t)xY—(t) +z8(1) =0 z(t) 0 20 (3.39)
In the same manner as in the proof of Theorem 3.1, we get
sy [ra@)Txt, 0<y<i
(x7 ()" > {y(x(t))yle, r> 1 (3.40)
If 0 < y <1, then we have that
z(tp(t) | wo () (x7(1)" x2(t) w(t)
wh (1) < -z(t)q(t) + ZA(t) - (D ) - vz(t) ) () =D (3.41)
whereas, if y > 1, we have that
z(H)p(H) ] w () xO(t) x2(t) wo(t)
w (t) < -z(H)q(t) + [ZA(t) =0 |l=o yz(t) OO0 (3.42)
Using the fact that x(t) is increasing and (r(t)(x* (t)) is decreasing on [y, o), we get
o > A > rg(t) vy A o 3.43
XO() > x(t), X () > <W> (x (t)> . (3.43)
Using (3.41), (3.42), and (3.43), we obtain
w (t) Y (wB)Y
wh (t) < —z(t)q(t) + &(t) =0 z(t) D) ( =0 > , (3.44)
where A = (y + 1) /y. Define A > 0 and B > 0 by
At = M B\l = M (3.45)

(z2 () r/r () Sy VA
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Then using the inequality (see [32])

MABY - A' < (A -1)BY, (3.46)
we obtain
wo(t) Yy (wT®O\'_ rH&
§(t) =0 z(t)r1/y(t) < Zg(t)> < T (3.47)

From this last inequality and (3.44) it follows that

t y+1
lim sup [z(s)q(s) - r(s)@_ﬂ(s)] As <w(ty) (3.48)
t— oo H (Y+1)Y z¥(s)

which contradicts with the assumption (3.36). Theorem 3.6 is proved. O

Example 3.7. Consider the second-order equation

A1 r 1
y (A ¥ (A Y —

(t (x (t)) ) + 5 <x (t)) + 220 (g(0) =0, (3.49)

wherey =1/3<1, r(t) = t'/3,4(t) = 1/t, t > ty = 2. Then it follows that

t t

p(s) f -7/3 1
e, (t,2)>1-| —As=1-| s As > — 3.50
P/( ) ZT(S) ) 2 ( )

for t > 2, and so
71 Uy 1\° (*1

—e_ 2 As>( = —A t . 51
L(T”(S)ep/r(s, )> S_<2> LS T (3.51)

Hence (A*) is satisfied. Now let z(¢) = 1 for t > 2. Then

T(S)(zYH(S) ) t 1 3725/9
W5 B =1 e
T e [

t

lim sup [z(s)q(s) -

t— oo 2

]As =, (352)

t— o0 2

and so (3.36) is satisfied as well. Hence by Theorem 3.6, we have that (3.49) is oscillatory.

Theorem 3.8. Assume that the conditions of Lemma 2.1 hold. Furthermore, suppose that there exist
functions H,H® € C,q(D,R) such that (3.25) holds and there exists a positive real rd-functions
A-differentiable function z(t) such that

t Crl(t, s)r(s)

(y + 1) 2r(s) (H(t, )"

lim sup

t-o H(tt1) )y, [H(t,s)z(s)q(s)—

]As = oo, (3.53)
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where C(t,s) = H2z(s) + H(t,s)é(t) and é(t) = z2 () — z(t) (p(t) /7 (t)). Then every solution of
(1.12) is oscillatory on [ty, o0)r.

Proof . Assume that (1.12) has a nonoscillatory solution on [ty, o). Then without loss of
generality, there is a sufficiently large t; € [fo, 00)y such that x(t) satisfies the conclusions
of Lemmas 2.1 and 2.2 on [t,, oo). Consider the generalized Riccati substitution

¥
w(t) = z(t)r(t)<x;(g)> . (3.54)
By Theorem 3.6 and inequality (3.44)
w?(t) y (@O
wh (t) < —z(H)g(t) +&(t) =0 z(t) T < =0 ) , (3.55)

where A = (y+1)/y. Multiplying both sides of (3.55) with H (¢, s) and integrating with respect
tosfromt tot (t > 1), we get

t H(t,s)z(s)q(s)As < - t H(t,s)w”(s)A(s) + t H(t,s)é(s)
t

ty 31

—ﬁH(t,s)z(s) i (MYAS

r1/v(s) \ z°(s)

w?(s)
z9(s)

(3.56)

Integrating by parts and using (3.25), we obtain

(o) o A
ft Ht 5)2(s)a(s)As < H(t t)w(ts) It o) _ ' YH(t,5)z(s) (w (s)> .
tl tl

z9(s) )y, rir(s) z%(s)
(3.57)
Define A > 0and B > 0 by
At = YHE920 @ )" g _UNOCES) (3.58)
(29 (H) r1/ (1) AMyH(t, s)z(s))"*
Using the inequality (see [32])
MABYT - AY < (A -1)BY, (3.59)
we get
cunZy- O (L0Y e
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From this last inequality and (3.55) it follows that

t

H(t/ tl) t

r(s)Cr*i(t, s)
(y + 1) HY(t,5)2r (1)

lim sup

t— oo

[H(t, s)z(s)q(s) — ]As <w(ty) (3.61)

which contradicts with the assumption (3.53). This completes the proof of Theorem 3.8. [

Corollary 3.9. Assume that all conditions of Lemma 2.1 hold. Furthermore, suppose that there exist
functions H, H®, and h € C,4(D, R) such that (3.25) holds and there exists a positive A-differentiable
function z(t) such that

. 1 (=ht, )™ r(s) | 4o _
lim supH(t’ 0 L [H(t, 5)z(s)q(s) - m] As = oo, (3.62)

t— oo

where HX + H(t,s)&(t)/z%(s) = —h(t,s)(H(t,s))"’ " /29 (t). Then every solution of (1.12) is
oscillatory on [ty, 00)y.

Example 3.10. Consider the second-order dynamic equation
(r (xA(t)>Y>A i1 <xA(t)>Y + 1wy =0 (3.63)
£2 t ’

where t € [tg,00)p, t1 2t =2,y =5/3 > 1,4(t) = 1/t. It is easy to check that (A*) holds. For
z(t) =1and H(t,s) = (t - s)?, it immediately follows that

h(t,s) = {(t —8) = (t—8)+(t- o(s))}(t — )/ (D) (3.64)

and so —h(t,s) = 0. Hence,

lim sup# Jt [H(t, s)z(s)q(s) —
2

. 1" 2
As =limsup— g(t —5)"As = co.
2

t— o0 H(t,Z) t2

t— oo

(~h(t, s))Y”r<s)]
(y +1)""2r(s)
(3.65)

Therefore by Corollary 3.9, every solution of (3.63) is oscillatory.
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